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1. INTRODUCTION
Consider the obstacle problem
=2 u q k 2 u s 0 in DX , 1 .
u s 0 on G , 2 .
u s u q ¨ , u [ exp ika ? x , 3 .  .0 0
where DX [ R n _ D, D is a bounded domain with a smooth boundary
G, k ) 0 is a fixed wavelength, a g Sny1 is a given unit vector, Sny1 is the
unit sphere, ¨ satisfies the radiation condition
< < 2lim ¨ y ik¨ ds s 0. 4 .H r
rª` < <x sr
This problem has been studied intensively and there are many ways to
prove existence and uniqueness of its solution which is called the scatter-
w xing solution 1, 2 .
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Nevertheless the new method presented in this paper has merits: it is
direct, simple, and natural. The method consists of using Green's formula
to represent the solution and the boundary condition to get an integral
equation of the first kind for the function h [ u , where u is the normalN N
derivative of u at the boundary. This integral equation is easily shown to
 .  . w xbe always solvable. Uniqueness of the solution to 1 ] 4 is well known 1 .
The smoothness assumption about the boundary can be relaxed: G can be
assumed Lipschitz, or satisfying a cone condition, or even less regular see
w x.2, 3 .
 .  .Some known constructive methods for solving problems 1 ] 4 and
other exterior boundary-value problems are often based on boundary
integral equations. The usual classical ansatz is to look for the solution of
the exterior Dirichlet problem of the form of a double layer potential.
However, it is not always possible to find the solution of this form: it exists
only if k 2 is not an eigenvalue of the interior Neumann Laplacian. There
are several methods for getting around this difficulty, and there are
w xdifferent approaches to the exterior boundary-value problems 1 . Integral
equations of the first kind have been used for a study of the Dirichlet
problem for the Laplace equation, when one looks for the solution of the
 w x.form of a single layer potential see 1 . Such an ansatz is not convenient
for the Helmholtz equation because k 2 ) 0 can be an eigenvalue of the
Dirichlet Laplacian in the interior domain, and in this case it is not always
possible to find the solution of the form of a single layer potential.
  ..In Section 2 we derive an integral equation of the first kind Eq. 6 for
the trace at the boundary of the normal derivative of the scattering
solution and prove its solvability for any k ) 0. We also prove that any
 .  .solution of this equation yields the unique solution to the problem 1 ] 4
  ..by a simple analytic formula formula 5 . A short and simple proof of
these results is given in Section 2.
2. EXISTENCE OF THE SCATTERING SOLUTION
We assume that n s 3. The proof is essentially the same for any n G 2.
The case n s 2 requires some extra consideration since in this case the
0 2 .operator Q , defined below, is not always positive in H [ L G . These0
w xextra considerations can be found in 1 . Uniqueness of the scattering
w x w xsolutions is proved in 1 for Lyapunov's domains and in 3 for non-smooth
domains. To prove existence, use Green's formula to derive the following
 w x .known equation see 1 , N is the outer normal to G :
< <exp ik x y s .
u x s u y g x , s, k hds, h [ u , g [ . 5 .  .  .H0 N < <4p x y sG
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 .  .Let x ª t g G. Then 5 and 2 yield
Qh [ g t , s, k h s ds s u t . 6 .  .  .  .H 0
G
We prove that:
 .  .a 6 is solvable, possibly non-uniquely, for any k ) 0,
and
 .  .  .  .b any solution of 6 yields the unique solution to 1 ] 4 by formula
 .5 .
 .  .  .To prove b , assume that h solves 6 and define u by formula 5 .
 .  .Then, clearly, u solves 1 ] 4 .
 .  .To prove a , note that Q s Q q B, where Q h [ H g t, s, 0 hds, Q0 0 G 0
0 2 .is a self-adjoint positive operator in H [ L G , which is an isomorphism
l lq1 lq1 . y1 1 0of H onto H [ H G , and BQ is compact in H and in H , as0
 w x .  .one can easily check see 1 for details . Therefore 6 is equivalent to
p q BQy1 p s u , p [ Q h. 7 .0 0 0
This is a Fredholm equation for p. It is solvable iff
u , f s 0 ;f g N I q Qy1B* . 8 .  . .0 0
 . 0  .Here ?, ? is the inner product in H , N A is the null-space of a linear
operator A, and f solves the equation Q f q B*f s 0, whose complex0
conjugate yields Qf s 0, where the bar stands for complex conjugate.
 .Thus 8 is equivalent to
u f ds s 0, ;f g N Q* . 9 .  .H 0
G
 .  .Condition 9 is satisfied not only for u but for any solution U of Eq. 10
in D as the following lemma claims.
 .  .LEMMA 1. Let U sol¨ e 1 in D. Then 9 holds with u replaced by U.0
X .  .Proof. If Q*f s 0, then w x [ H g x, s, k f ds s 0 in D . Thus,G
y  . yw s yf q Af r2 s 0, where w is the normal derivative of w fromN N
y .outside of D, Af [ 2H ­ gr­ N f ds, and the known formula for wG N
 w xwas used see 1, p. 14 . Thus, we obtain
f s Af . 10 .
Let wq denote the normal derivative of w from inside of D. Then, usingN
 .10 , we get
f q Af
qw s s f , w s 0 on G. 11 .N 2
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 .  .Thus 9 , 11 , and Green's formula yield
q 2 2 2 2Uw ds s wU ds q U = q k w y w = q k U dx s 0. .  .H H HN N
G G D
Lemma 1 is proved.
 . 0From Lemma 1 it follows that Eq. 7 is solvable in H . Therefore Eq.
 .  . l6 , which is equivalent to 7 , is solvable in H . Let us formulate the result
 .since G is smooth, l ) 0 can be chosen arbitrary large :
 .THEOREM 1. Equation 6 is equi¨ alent to a Fredholm-type equation in
0 l  .H . It is sol¨ able in H . If h is any of its solutions, then the function u x ,
 .  .  .defined by 5 , is the unique solution to 1 ] 4 .
Remark 1. Note that, as follows from our result,
g x , s h s ds s g x , s h s ds, ; x g DX , 12 .  .  .  .  .H H1 2
G G
 .  .where h and h solve 6 . A direct proof of 12 can be given: define1 2
c x [ g x , s h s ds, h [ h y h . .  .  .H 1 2
G
 .  . X  . XThen c s 0 on G, and c solves 1 and 4 in D . Thus, c x s 0 in D .
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